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ABSTRACT
Analysis of Stacked Retaining Walls
by
Layne David Weight
Moses Karakouzian, Ph.D.
Professor o f Civil Engineering
University o f Nevada, Las Vegas
Not much literature is available which addresses the analysis o f stacked retaining
walls. Many designers have developed undocumented and informal methods o f analysis
based on geotechnical theory, practical experience and intuition.
This thesis presents and compares results from eight common methods o f
analysis: four methods based on limit equilibrium, three based on elastic theory, and one
that is a combination of limit equilibrium and elastic theory.

These eight different

methods were used to analyze 64 different configurations o f double-stacked cantilever
retaining walls, including a double-stacked configuration that failed in 1992.

In all,

results from a total o f 512 separate analyses are presented and compared herein, including
analysis with a finite element computer application, Plaxis.
The results o f these analyses follow the generally accepted notion that as the
horizontal spacing between double-stacked walls decreases, the forces at the lower wall
increase due to the effects o f the upper wall. No method o f analysis consistently yields
the most or least conservative values, suggesting that the retaining wall designer need
take great care in selecting a method o f analysis.

in
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CHAPTER 1

INTRODUCTION
L I Background
Retaining walls are currently popular with residential and commercial developers
in the Las Vegas, Nevada, area. When compared to the use of a conventional cut or fill
slope, the use of a retaining wall generally results in more developable land, as shown in
Figures 1.1 and 1.2. The term “stacked retaining walls”, as shown in Figure 1.3, is used
to describe a group of retaining walls that are constructed at different elevations and set
back horizontally with respect to each other to create a “terraced” appearance. The use of
stacked retaining walls are often preferred over the use o f one large retaining wall as they
can often result in a cost savings are generally considered a more aesthetically pleasing
alternate to the use of just one retaining wall. For this reason, stacked retaining walls are
commonly selected at hilly commercial and residential sites. Stacked retaining walls are
a common site in many o f the residential developments o f the Las Vegas, Nevada, area.
Figures 1.4 through 1.6 are photographs o f retaining walls arranged in stacked
configurations located at various residential developments in the Las Vegas, Nevada,
area.
In addition to the term “stacked retaining walls”, other terms that are commonly
used are “terraced retaining walls”, “multi-tier retaining walls”, “multiple level retaining
walls”, “eascading retaining walls”, “piggyback retaining walls” and “benched retaining
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walls”. The term “lower stacked retaining walls” as it appears herein refers to the lower
wall(s) in a stacked configuration.

Figure 1.1. Section showing the a slope between two structures that are at
different elevations with respect to each other.

^ ^

_________________

:
’

-M--HP-tH-lil-l' l-

Figure 1.2. Section showing the use o f a cantilever retaining wall between two structures
rather than a slope (Figure 1.1) to allow the structures, such as those o f a residential tract
development, to be spaced closer together resulting in more developable land.
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Increased Amount of
Developable Land

Line o f “equivalent”
slope due to use of
stacked retaining walls

Line o f slope if
stacked retaining
walls were not used

Figure 1.3. Section showing the use o f stacked cantilever retaining walls to
increase the amount of developable land compared to a cut / fill slope.

Æ

Figure 1.4. Four reinforced concrete / masonry cantilever retaining walls constructed in a
“stacked” configuration located along Sunridge Heights Parkway east o f Seven Hills Drive.
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Figure 1.5. Four reinforced concrete cantilever retaining walls constructed
in a “stacked” configuration at the site o f a custom residence.
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Figure 1.6. Five reinforced concrete / masonry cantilever retaining
walls constructed in a “stacked” configuration used at the edge o f a
residential development to create more developable land.
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1.2 Motivation
The analysis o f the lower retaining walls o f a stacked configuration presents a
special challenge to the civil engineer: what are the additional horizontal earth pressures
at the lower retaining walls due to the effects o f the upper retaining walls? There are no
established methods o f analysis nor is there much literature is available to the retaining
wall designer regarding methods o f analysis to determine the horizontal pressures at
lower stacked retaining walls.
Due to the popularity o f stacked retaining walls, designers have developed many
different undocumented and informal methods o f analysis based on geotechnical theory,
practical experience and intuition. However, as will be demonstrated herein, the use of
one method may require that a lower retaining wall o f a double-stacked configuration be
designed for two, five, or even ten times as much flexural, sliding and/or overturning
force than a different method o f analysis might require.

With such a wide range o f

results for a stacked configuration, it is difficult for the designer to know which method is
safe to select. Is one method o f analysis generally the most conservative? Is another
method o f analysis generally the least conservative? Is one method o f analysis better
suited for a particular stacked configuration than another? Has any testing been done to
validate any o f the methods o f analysis?
The objective o f the typical retaining wall engineer is to provide their client with a
design that will not only be stable against the forces to which the retaining wall may be
subjected, but will not be so overly conservative as to cost an unreasonable amount to
construct. If the designer selects what appears to be the least conservative method of
analysis for a particular stacked configuration, will the resulting design be adequate?
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1.3 Previous Work
Surprisingly, the topic o f analysis o f stacked retaining walls does not appear to
have been studied seriously, even though stacked configurations o f retaining walls are
frequently constructed.

In fact, during the literature review for this thesis, only three

published works were found which specifically address the topic o f analysis o f stacked
retaining walls' '

Each o f these works presents a different method o f analysis. One of

these published works' recommends that stacked retaining walls be analyzed for lateral
earth pressure based on a elastic theory equation'' developed in the 1930s in response to
the results of full-scale experiments. However, it should be noted that the experiments
performed in the 1930s did not specifically address stacked configurations o f retaining
walls, but rather backfill surface loads at cantilever retaining walls.

Another work

encountered during literature review is a self-published retaining wall guide^ and
proposes two separate methods o f analysis based on limit equilibrium and elastic theory.
Another published work^ presents

a post-failure

analysis

o f a double-stacked

configuration that utilizes a computer application to analyze the lower wall.

The

computer application analysis is based on limit equilibrium and was developed by the
author of the work specifically for the post-failure analysis. More specific information
regarding the methods o f analysis presented in the three published works mentioned
above is provided in Chapter 4 o f this thesis.

1.4 Objectives
The analysis o f stacked retaining walls is complex. The scope o f this thesis does
not attempt to be all-inclusive. This thesis presents a modest collection o f commonly
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used methods of analysis for stacked retaining walls, many o f them undocumented and
informal, and then compares results o f these methods applied to the analysis o f the lower
wall o f a double-stacked configuration o f cantilever retaining walls.

The primary

objective of the work presented herein is not to present every method o f analysis
currently used by retaining wall engineers, nor to propose a new method o f analysis. The
primary objective o f this thesis is quite simply to attempt to show that more detailed
research on this topic is desperately needed.
The ideal research, o f course, would be to use extant methods o f analysis to
predict earth pressures and wall and footing stresses and displacements at retaining walls
o f different stacked configurations, construct and instrument these configurations of
stacked retaining walls, and either validate a particular method o f analysis, or develop
entirely new methods of analysis. However, since this type o f research is probably very
costly and will require a great deal o f effort and time to complete, it is likely that results
from any such research will not be available for some time. What does the retaining wall
design community do in the interim? The secondary objective o f the work presented
herein is to attempt to provide the retaining wall design community with some general
guidelines for the selection o f a method o f analysis while the retaining wall design
community waits for results of more detailed research. Since most o f the methods of
analysis currently in use by the retaining wall engineers o f the world are probably
undocumented and informal methods, the collection of analysis methods presented in this
thesis could not possibly represent all o f the methods currently in use. However, perhaps
a retaining wall designer somewhere in the world that has developed their own method o f
analysis possibly different from those presented in this thesis could use the information
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presented herein to measure their method o f analysis and, as needed, adjust and refine
their method.
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CHAPTER 2

METHODOLOGY
2.1 STEP 1 Design o f Stacked Configurations
The results from several different methods o f analysis o f stacked retaining walls
are compared in this thesis.

Specifically, these methods o f analysis are applied to

reinforced concrete cantilever retaining walls arranged in pairs o f stacked configurations.
For the purposes o f this thesis, these configurations o f retaining walls are referred to as
“double-stacked.”

To explore whether one method o f analysis is better suited for a

particular double-stacked configuration, the heights and horizontal offsets of stacked
retaining walls were varied.

In order to accomplish this, six individual cantilever

retaining walls o f varying heights were paired to create a total o f 63 separate
configurations of double-stacked cantilever retaining walls.
The results o f analysis o f cantilever retaining walls depend very much on the
length and thickness o f the footing and wall panels. In order to ensure that the methods
o f analysis were compared equally, the geometry and stiffness o f each cantilever
retaining wall was determined.

In other words, each individual retaining wall was

designed prior to performing the analysis o f the stacked configurations. A total o f six
different reinforced concrete cantilever retaining walls were designed: three upper walls
and three lower walls.
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The results of analysis o f cantilever retaining walls also depends greatly upon the
properties o f the backfill and subgrade soil material. For this reason, the soil properties at
all 63 double-stacked configurations were maintained constant. To simplify the analyses,
the backfill and subgrade material o f each retaining wall was assumed to be a
homogeneous and drained sandy material and the effects o f a water table at the backfill or
subgrade was not considered.
As mentioned in section 1.3 above, a double-stacked configuration o f retaining
walls failed in 1992.

A post-failure analysis^ o f these retaining walls provides fairly

detailed information regarding the geometry o f the stacked configuration, the thickness
and length o f each wall and footing panel, and the properties o f the subgrade and backfill
soil material. The report also provides the results of the post-failure analysis o f the lower
stacked wall. Thus, in addition to the 63 double-stacked configurations o f retaining walls
described above, the double-stacked configuration of retaining walls that failed in 1992
was also analyzed with the same methods o f analysis applied to the 63 configurations.

2.2 STEP 2 Identify Methods o f Analvsis
The first part o f Step 2 was to identify commonly used method of analysis
available in either published works or directly from retaining wall engineers.

As

mentioned in Chapter 1, not much literature is available which specifically addresses the
analysis o f stacked retaining walls, and many methods o f analysis currently used in
professional design practice are not documented. Thus, the methods identified in this
first part of Step I do not attempt to be an all-inclusive listing o f every method of
analysis available to retaining wall designers.

10
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The second part o f Step 2 was to select a few o f these methods identified as
commonly used to analyze the 64 stacked configurations o f cantilever retaining walls
described above in Step 1. A few o f the methods o f analysis selected for this thesis were
taken from literature, while others were encountered during the professional retaining
wall design experience o f the author o f this thesis.

Finite element software which

specializes in geotechnical applications, was also selected as a method to analyze the
stacked configurations. In all a total o f eight different methods o f analysis were selected
to analyze each o f the 64 stacked configurations.

2.3 STEP 3 Analvsis o f Stacked Configurations
Once the geometry and material properties were set, and the methods o f analysis
identified, each o f the 64 different configurations of the stacked retaining walls was
analyzed using the eight different methods o f analysis. In all, a total o f 512 separate
analyses were performed.

An example calculation for just one double-stacked

configuration is provided here for each o f the eight different methods o f analysis, as well
as more specific information regarding the analysis with the eight methods applied to the
lower wall of the double-stacked configuration that failed in 1992.

2.4 STEP 4 Results
The results o f the 504 separate analyses at the first 63 double-stacked
configurations of retaining walls are presented and compared to each other with the aid of
charts and tables. Also, the results o f the analysis with the eight methods applied to the
double-stacked configuration that failed in 1992 are presented and then compared to the

11
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results o f the analysis provided by the author o f the post-failure report. In all, results are
presented for all 512 analyses described in Step 3.

2.5 STEP 5 Conclusions and Recommendations
Conclusions and recommendations are provided based on an analysis o f the
results presented in steps 3 and 4. The recommendations also identify potential areas o f
future work.

12
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CHAPTER 3

DESIGN OF STACKED CONFIGURATIONS
3.1 Geometry of Stacked Configurations
As described in Step I above, this thesis compares lateral earth pressures at
reinforced concrete cantilever retaining walls arranged in double-stacked configurations.
The geometry of 63 o f the 64 double-stacked configurations was arbitrarily determined as
shown in Figure 3.1, and Table 3.1.

The geometry o f the 64*'’ double-stacked set of

retaining walls was taken from the post-failure report^ described in Chapter 1 and is
presented in Figure 3.2.

C

\

B
\

A

Figure 3.1. Double-stacked configuration used for thesis. Heights, A and B, and
horizontal offset, C, at increments shown in Table 3.1 to create 63 different stacked
configurations.
13
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Table 3.1. Increments o f wall heights and horizontal offsets at
Mark at Figure 3.1

Increments o f Height / Horizontal Offset

A

5 ft, 10 ft, 15 ft

B

5 ft, lO'ft, 15 ft

C

5 ft, 7.5 ft, 10 ft, 12.5 ft, 15 ft, 17.5 ft, 20 ft

W on

vegetation

N atural
Soil

Fill

1-4
FMI

Figure 3.2. Configuration o f double-stacked retaining walls that
failed in 1992 (taken from Olson^).

3.2 Material Properties
As described above, the soil parameters were held constant for all analyses, and a
homogeneous and drained sandy material was selected. The principal properties o f this

14
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sandy material are a unit weight, y, of 110 p cf (pounds per cubic foot), an internal angle
o f friction, (j), o f 34 degrees, and soil eohesion, c, o f zero p sf (pounds per square foot).
As mentioned above, one o f the eight methods o f analysis employs the use o f a
finite element software called Plaxis. Plaxis requires that additional information be input
regarding the properties o f the soil. The material properties input into Plaxis for the soil
are presented in Table 3.2. Although the subgrade and backfill material are assumed to
be a cohesionless sand, it should be noted that Plaxis requires at least some amount o f
cohesion in order to “improve calculation performance.” Thus, a negligible value is used
for the soil cohesion, c.

Table 3.2. Soil material properties input into Plaxis.
Material Property

Description

Value

yunsat

Unsaturated Unit Weight o f Soil

n o p cf

k x

Permeability in the x direction

3

ft / day

k y

Permeability in the y direction

3

ft / day

1 ,0 0 0 ,0 0 0

V

Young's Modulus
Poisson's Ratio

c

Soil Cohesion

0 .0 5

(t)

Angle o f Internal Friction

E

p sf

0 .3

p sf

34°

As described below in section 3.3 o f this chapter, eaeh individual retaining wall
was designed prior to commencing the analysis phase. In order to design the retaining
walls, the properties o f the concrete and reinforcing steel were established. The retaining
wall designs were based on a concrete assumed to be normal weight with a unit weight of
150 pcf, and a 28-day compressive strength, fc, o f 2,500 psi (pounds per square inch),
and the reinforcing steel was assumed to have a yield strength, fy, o f 60,000 psi.

15
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3.3 Design of Retaining Walls
Since the analysis o f a cantilever retaining wall depends upon the width and
thickness of each wall and footing panel as described in Chapter 2, each individual
cantilever retaining wall was designed prior to beginning analysis. These designs, based
on the professional experience o f the author o f this thesis and not any particular method
o f analysis, are presented in Figure 3.3 and Table 3.3.

Hr
Hv

-V
D,
Bh

Tfi

Hr

B

H,

\

Dfl

\

\

\
Bh

Tf
B

Figure 3.3. Legend for Table 3.3 for design o f upper and lower stacked retaining walls

16
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Table 3.3. Designs o f upper and lower walls (see Figure 3.3).
Lower Walls

Upper Walls

Hw

7 ft

12 ft

17 ft

7 ft

12 ft

17 ft

Hr

5 ft

10 ft

15 ft

5 ft

10 ft

15 ft

Df

2 ft

2 ft

2 ft

2 ft

2 ft

2 ft

Tf, Tw

1 ft

1.5 ft

2 ft

1 ft

1 ft

1.5 ft

B

7 ft

14 ft

20 ft

5 ft

8 ft

10 ft

Bt

1 ft

2 ft

3 ft

1 ft

2 ft

2 ft

Bh

5 ft

10.5 ft

15 ft

3 ft

5 ft

6.5 ft

Three of the eight methods o f analysis seleeted require that the resultant bearing
pressure distribution at the upper wall be determined. In order to complete a bearing
pressure analysis, the overturning moments o f the upper wall needed to be determined
according to traditional eccentric bearing pressure analysis presented on page 402 of
D as’°.

The overturning moment was determined per traditional Rankine active earth

pressure theory. The coefficient o f active earth pressure, Ka, according to Rankine theory
is equal to TAN^ (45° - (|) / 2) for level backfill slope. For (|) equal to 34°, Ka is 0.283 and
the equivalent fluid active unit weight o f the backfill material is equal to y times Ka, or 31
pef. The moment resisting overturning was calculated based on the traditional methods
o f calculating the weight o f the wall and footing, the weight o f the soil over the footing as
shown in Figure 3.4. The passive pressure at the toe o f the upper retaining wall was
included in the overturning moment.
theory.

This pressure was calculated based on Rankine

The coefficient o f passive earth pressure, Kp, according to Rankine theory is

equal to TAN^ (45° + ([>/ 2) for level slope at the toe. For (j) equal to 34°, Kp is 3.54. The
equivalent fluid passive unit weight o f the backfill material is equal to y times Kp, or 389
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pcf. The overturning moments and bearing pressure distributions calculated at the three
upper walls is displayed in Table 3.4.

1
I

Figure 3.4. Areas used to ealeulate weight per foot o f length of
the wall, footing, and soil over the toe and heel o f the upper
retaining wall for overturning and bearing pressures analysis.

Table 3.4. Overturning and resisting moments, and bearing pressure distribution
Hr
5
10

ft
ft

15 A

M overturn

M total resist

q toe

ft-lb

1 0 ,7 3 0

ft-lb

844

8,956 A-lb

4 2 ,9 4 0

ft-lb

1 ,3 7 4

ft-lb

9 6 ,2 7 4

ft-lb

1 ,7 7 8

2 5 ,4 6 5

psf

q heel
652

p sf

psf

906

p sf

2,523 psf

863

psf

The system resisting sliding and overturning at the lower wall was also ealeulated
according to traditional retaining wall design available in any geoteehnieal textbook. For
these calculations, the weight o f the upper wall and soil at the upper wall was considered
as shown in Figure 3.5. This weight was determined for the lower wall o f each o f the 64
different configurations o f stacked retaining walls and is presented in Appendix A.
The coefficient of friction, p., at the bottom o f the concrete footing to the soil and,
for the purposes o f Coulomb theory, at the soil face o f the wall panel, was determined to
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calculate the force resisting system sliding. The coefficient o f friction is TAN (0.67 ^).
For (j) equal to 34°, p is 0.418. See Appendix A for the system moments resisting
overturning and forces resisting sliding at the lower walls o f each o f the 64 different
configurations.

!l'

IT

1

1

I
1
Figure 3.5. Areas used to calculate weight per foot o f length o f the lower
retaining wall for system resisting overturning and sliding analysis.

As mentioned above, one o f the eight methods o f analysis employs the use o f a
finite element software called Plaxis. Plaxis requires that information be input regarding
the elastic properties of the reinforced concrete retaining wall and footing such as axial
stiffness, EA, flexural rigidity, El, and Poisson’s ratio, v., in addition to physical
properties such as weight per foot of length, w. Plaxis also requires information be input
regarding elastic properties o f the soil such as Y oung’s Modulus, Ercf, and Poisson’s
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ratio, V, in addition to standard soil properties such as the unit weight o f the soil, y, the
angle o f internal friction,

the soil cohesion, c.

In order to provide the retaining wall and footing properties required by Plaxis,
the walls had to be designed for internal stability, i.e. flexural and shear forces. This
design was provided based on the professional experience o f the author of this thesis in a
manner similar to the design provided for external stability as presented in Figure 3.3 and
Table 3.3. The resulting design for internal stability is summarized in Figure 3.6 and
Table 3.6. Table 3.5 is provided as a legend for the marks used in Tables 3.6 and 3.7.

2” clear

” clear

Front face
reinforcing steel
bars at wall

Backfill face
reinforcing steel
bars at wall

2” clear
Top reinforcing
steel bars at
footing

Figure 3.6. Key for Table 3.6, design o f reinforced concrete
wall and footing panels for internal stability.
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Table 3.5. Legend for Marks used in Tables 3.6 and 3.7. See Figure 3.3 and

Mark

Hw

Upper or Lower wall
o f Double-Stacked
Configuration

5U

5 ft

Upper

Footing + Wall

5L

5 ft

Lower

Footing + Wall

lOU

10 ft

Upper

Footing + Wall

lOL

10 ft

Lower

Footing + Wall

15U

15 ft

Upper

Footing + Wall

15L

15 ft

Lower

Footing + Wall

5UF

5 ft

Upper

Footing Only

5UW

5 ft

Upper

Wall Only

5LF

5 ft

Lower

Footing Only

5LW

5 ft

Lower

Wall Only

lOUF

10 ft

Upper

Footing Only

lOUW

10 ft

Upper

Wall Only

lOLF

10 ft

Lower

Footing Only

lOLW

10 ft

Lower

Wall Only

15UF

15 ft

Upper

Footing Only

15UW

15 ft

Upper

Wall Only

15LF

15 ft

Lower

Footing Only

15LW

15 ft

Lower

Wall Only

Reference to Footing
and / or Wall Panel

Table 3.6. Results o f internal stability design o f retaining walls.
Mark

Backfill Face Bars

Front Face Bars

Top Bars

5U

# 4 at 18 in. o.c.

# 4 at 18 in. o.c.

# 4 at 18 in. o.c.

5L

# 5 at 10 in. o.c.

# 4 at 18 in. o.c.

# 5 at 10 in. o.c.

lOU
lOL
15U
15L

#5
#7
#7
#9

#4
#4
#5
#5

# 5 at 12 in. o.c.

at
at
at
at

12 in. o.c.
9 in. o.c.
12 in. o.c.
8 in. o.c.

at
at
at
at

18 in.
14 in.
18 in.
18 in.

o.c.
o.c.
o.c.
o.c.

# 7 at 9 in. o.c.
# 7 at 12 in. o.c.
# 9 at 8 in. o.c.
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The material properties for the reinforced concrete footing and wall panels were
calculated based on the following equations for a doubly reinforced concrete beam:
T| = Eg / Ec
Ec = 57,000
b

Equation 3.3.1
^

Equation 3.3.2

/ 2 + (rj-l) A ’s (x - d ’)= q As (d - x)

Equation 3.3.3

1er = 1/3 b x^ + (q - 1)A ’s(x - d ’)^ + q As (d - x)^

Equation 3.3.4

Ac = b h

Equation 3.3.5

w = Ye b

Equation 3.3.6

Where: q is the ratio o f Young’s modulus o f steel to concrete
Ec is the Y oung’s modulus for concrete (psi)
Eg is the Young’s modulus for the reinforcing steel (29,000,000 psi)
f c is the 28 day allowable compressive strength o f the concrete (2500 psi)
b is the thickness o f the wall or footing panel (see Table 3.2)
X

is the depth to the neutral axis from the extreme compression fiber (in.)

A ’s is the area o f compressive reinforcing steel (in^)
d ’ is the depth to the centroid o f A ’s from the extreme compression fiber (in)
As area o f tensile reinforcing steel (in^)
d is the depth to the centroid o f As from the extreme compression fiber (in)
1er is the moment of inertia o f the transformed cracked section (in"^)
Ac is the gross area of the cross section (in^)
h is the width of the section taken as 12” since analysis is per foot o f length
w is the weight per foot o f length o f the section (plf)
Ye is the unit weight o f concrete (150 pcf)
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The resulting material properties required for input into Plaxis, EgAc, Ec,Icr, b, and
w, as defined above are presented in Table 3.7. In addition to the properties presented in
Table 3.7, Plaxis also requires a value for Poisson’s ratio, v, for the wall and footing
panels. A value o f 0.19 is common and was input into the Plaxis finite element model.

Table 3.7. Material properties for reinforced concrete retaining wall panels and footings
Mark
5UW
5UF

Eclcr

b

w

1,637,047 Ib-ft^/ft
1,637,017 lb -ftV ft

1.0 ft
1.0 ft

40 lb / ft
40 lb / ft

3,962,534 lb- A^ / A
3,948,393 lb- A^ / A

1.0 ft
1.0 ft

40 lb / ft
40 lb / ft

EcAc

5LW
5LF

410,400,000
410,400,000
410,400,000
410,400,000

lOUW

410,400,000 l b / f t

3,398,357 lb- A^ / A

1.0 ft

40 lb / ft

lOUF

410,400,000
615,600,000
615,600,000
615,600,000
615,600,000

lOEW
lOLF
15UW
15UF
15LW
15EF

lb /f t
lb /ft
lb /ft
lb /ft
lb /ft
lb /ft
lb / ft
l b/ f t
lb/ft

3,389,295 lb- A^ / A

1.0 ft

40 lb / ft

23,242,800 Ib-f A^ / A
23,046,333 lb- A^ / A
18,352,423 lb-A^/A
18,200,230 lb -ftV ft

1.5 ft
1.5 ft

60 lb / ft
60 lb / ft

820,800,000 lb / A
820,800,000 lb / A

80,498,842 lb- A^ / A
79,688,005 lb- A^ / A

1.5 ft
1.5 ft
2.0 ft

60 lb / ft
60 lb / ft
80 lb / ft

2.0 ft

80 lb / ft

The calculations for section properties for input into Plaxis for all eight retaining
wall and footing panels are presented in Appendix D.
The report o f the retaining walls that failed in 1992 does not provide specific
information for the reinforcing and concrete used. As such, the properties for lOUW,
lOUF, 15LW, and 15LF were used for the finite element analysis o f this stacked
configuration.
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CHAPTER 4

IDENTIFY METHODS OF ANALYSIS
4.1 Commonly Used Methods o f Analysis
This section o f Chapter 4 presents a modest collection o f methods o f analysis
available to retaining wall designers via literature or passed on from other designers.
Since many of the methods currently in use are undocumented, the colleetion o f methods
presented here cannot be considered comprehensive.
Not all of the methods presented in Section 4.1 are used to analyze the 64 double
stacked configurations presented in Chapter 3.

The second section o f this chapter,

Section 4.2, identifies which of the methods presented in Section 4.1 will be used to
analyze the 64 double-stacked configurations.

4.1.1 Analysis Based on Limit Equilibrium
Several methods o f analysis at stacked configurations are based on traditional
limit equilibrium theory developed by Rankine or Coulomb. Limit equilibrium theory
assumes a Mohr-Coulomb plastic limit soil failure along a planar surface that creates a
“failure wedge” o f soil. The planar surface is thought to be at an angle to the horizontal
that is equal to 45° + (j) / 2. The force o f this failure wedge acting at the backfill face o f
the retaining wall is then calculated.

For the purposes o f this thesis, the “active”
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condition is assumed which assumes that the wall is moving away slightly from the
backfill.

4.1.1.1 Equivalent Backfill Slope Method
This method is proposed in a self-published retaining wall design guide by
Brooks^. The stacked configuration to be analyzed is drawn to scale and the retaining
wall designer draws a line which is thought to represent the geometry o f the stacked
configuration with an “equivalent” slope as shown in Figure 4.1. Then the lower wall is
designed as if the upper walls were not present based on the theoretical active earth
pressures for “equivalent” slope.

Brooks does not define the exact method for

determining the location o f the line, but some engineers prefer to draw the line such that
the “negative” and “positive” areas created by the line are approximately equal, while
others prefer to take a sometimes more conservative approach and draw a line which
touches the tops o f each wall in the stacked configuration, and then approximate an
average slope.

The active pressure at the lower wall is then calculated based on

traditional Rankine or Coulomb theory as if the backfill o f the lower wall were sloped
along the line of the “equivalent” slope. The upper wall(s) o f the stacked configuration
are not considered when calculating this increased active pressure at the lower wall.
Unlike the three surcharge methods outlined above, this method takes into account the
geometry o f the stacked configuration. However, note that the active earth pressure at
sloped backfill cannot be calculated for “equivalent” slopes with an angle to the
horizontal that are greater than the internal angle o f friction, (|), o f the backfill soil.
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Line of
‘equivalent”
slope

Increased active lateral
earth pressure due to
“eauivalent” slone

Figure 4.1. Equivalent Backfill Slope Method. Based on the geometry o f the
stacked retaining wall configuration, the lower retaining wall is designed for an
imaginary increased active earth pressure due to an “equivalent” backfill slope.

4.1.1.2 Uniform Surcharge Method
The “Uniform Surcharge Method” was suggested to the author o f this thesis by a
Las Vegas geoteehnieal engineer and, like the Equivalent Backfill Slope method of
analysis, is also an idealization of the stacked geometry based on limit equilibrium
theory. This attempts to account for the additional load o f the upper wall(s) at the lower
wall o f a stacked configuration by applying a uniform surcharge at the backfill o f the
lower wall equivalent to the weight o f a block o f the backfill material as shown in Figure
4.2. The surcharge pressure is factored down by the coefficient o f active earth pressure,
Ka (usually Rankine, but sometimes Coulomb), and applied laterally to the lower wall.
This additional lateral pressure calculated due to the imaginary surcharge is then added to
the active earth pressure o f the lower wall.

It should be noted that the active earth

pressure at the lower wall is calculated as if it were not included in a stacked
configuration, i.e. ignoring the existence o f any upper walls. It should also be noted that
the weight o f the imaginary block o f soil is considered only for its contribution to the
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additional lateral pressure at the lower wall and is otherwise neglected in the design o f
the lower wall (sliding, overturning, bearing, internal stability, etc.).

This method o f

analysis is generally thought to be conservative. However, as will be shown in the data
presented in Chapter 5, this method o f analysis does not always result in the most
conservative result when applied to the analysis o f double-stacked retaining walls. Note
that the uniform surcharge method o f analysis gives no consideration to the horizontal
offset, C, as identified in Figure 3.1 and Table 3.1.

Imaginary “block” o f soil

Additional earth pressure due to
imaginary uniform surcharge
Active earth pressure
Figure 4.2. Uniform Surcharge Method. Lower retaining wall is designed for
surcharge due to the weight o f an imaginary “block” o f soil that is the same height
as the upper retaining wall(s). The weight o f the imaginary “block” o f soil is not
considered to resist overturning o f the lower retaining wall.

4.1.1.3 Culmann’s Graphical Method
Jean-Victor Poncelet'^’

and Karl C ulm ann"’

are both well-known for their

work with graphical methods o f analysis to determine lateral earth pressures at retaining
walls with compound (level and sloped, radiused, etc.) backfill slopes. Literature linking
graphical methods o f analysis to the analysis o f stacked retaining walls has not been
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located. However, it is eommonly believed that this type o f analysis can be applied to
complex geometries, sueh as those o f stacked retaining walls.

Figure 4.3 provides a

schematic o f the application o f Culmann’s graphical method o f analysis at a stacked
configuration. Culmann’s method was developed based on Coulomb’s limit equilibrium
aetive earth pressure theory.

Figure 4.3. Schematic o f Culmann’s graphical method o f analysis

4.1.1.4 Method of Slices
The method o f analysis typically referred to as the method o f slices is most
commonly applied to slope stability analysis. The method o f slices differs from other
limit equilibrium-based methods o f analysis in that the failure surface is not necessarily
planar and does not necessarily act at an angle to the horizontal equal to 45° + (j) / 2..
Textbooks that present the method o f slices do not appear to link the method o f slices to
lateral earth pressure analysis at retaining walls. However, it is commonly believed by

28

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

retaining wall designers that this method eould be applied to retaining wall and stacked
retaining wall analysis. Essentially, the analysis is done by assuming a plane o f shear
failure at the backfill, planar or circular or otherwise, and then dividing the backfill into a
number o f vertical slices as illustrated in Figure 4.4. The inter-slice foree is calculated
starting at the sliee furthest away from the wall until the force at the interface o f the back
face of the retaining wall and the slice closest to the wall is determined. Then, a new
plane of shear failure is assumed and the process is repeated until the shear plane that
results in the highest magnitude o f force and the lowest factors o f safety is identified. It
is believed that the aecuraey o f this analysis increases with the number o f slices and the
number assumed shear planes.

Many computer applications have been developed to

facilitate the use o f the method of slices to analyze slope stability, not retaining walls.
Some commonly used slope stability analysis applications are XSTABL (Interaetive
Software Designs, Inc.), Slope-W (GEO-SLOPE International), UTEXAS4 (Shinoak
Software), and Slide (Roseience, Ine.).
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Example of
inter-slice forces

Assumed plane
o f shear failure
Figure 4.4. Schematic o f potential application method
o f slices to analysis o f stacked retaining walls.

4.1.1.5 Olson Method
Olson^ presents a post-failure analysis o f a double-staeked configuration o f
cantilever retaining walls. Olson’s analysis is similar to the method o f sliees in that a
plane o f shear failure is assumed and the forces acting on a body o f soil are summed until
the location and magnitude of the resultant force at the lower wall is calculated. Figure
4.5 presents a schematic of this method o f analysis as Olson applies it to the double
stacked configuration. It should be noted that Olson does not provide a name for this
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type of analysis. However, for eonvenienee of referenee to this analysis herein, the term
“soil wedge” is used.

wisoii

W"I
P

Hw

PP

Figure 4.5. Sehematic of soil wedge analysis (taken from Olson^). A wedge
o f soil whieh includes the upper wall is assumed to act on the lower wall.

4.1.2 Analysis Based on Elastic Theory
Methods of analysis based on elastic theory differ from those that are based on
limit equilibrium in that no failure is assumed to occur in the soil. Elastic theory is based
on the assumptions that the elastic “half-space” o f soil behaves in a linear elastic, planestrain manner. Some methods o f analysis at stacked retaining walls appear to have been
developed from elastic theory. A few o f these are presented in this section.

4.1.2.1 Boussinesq and Others
It appears to be a common practice within the engineering community to idealize
the loads from the upper wall(s) as a backfill surface load and then calculate the
additional lateral earth pressure at the lower wall based on equations developed from
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elastic theory.

The additional lateral earth pressure resulting from the elastic theory

equation is then added to the active lateral earth pressure calculated using traditional
Rankine or Coulomb theory as illustrated in Figure 4.6. It is common to idealize the
active pressure analysis at the lower wall by ignoring the upper retaining wall(s).

It

should be noted that during the literature review for this thesis, only one published work
by R. Jalla' was found to apply elastic theory specifically to the analysis o f stacked
retaining walls. However, no literamre was found during the review for this thesis that
validates with experimental data this idealization o f loads from upper retaining walls as
backfill surface loads.

Elastic theory
earth pressure
Active earth pressure
Figure 4.6. Elastic Theory Method o f Analysis. Lateral earth pressures at
the lower retaining wall(s) are calculated using equations developed from
elastic theory, and then added to traditional active earth pressure.

Equations based on elastic theory for horizontal stresses in soil due to backfill
surface loads are generally based on the work o f French mathematician, J. Boussinesq^.
The principal equation for lateral stresses due to a point load in an elastic medium as
developed by Boussinesq is presented in Figure 4.7.

Versions o f this equation give
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lateral stresses due to line loads and strip loads, as well. The published work by R. Jalla'
proposes a method o f analysis o f stacked retaining walls based on a version o f the elastic
theory equation developed by Boussinesq and modified based on the experimental work
o f Spangler and Mickle"'. The experimental work o f Spangler and Mickle proposes that
the Boussinesq lateral pressures due to backfill surface strip loads should be increased by
a factor o f 2.

Bowles^ notes that the backfill material used by Spangler and Mickle was

not compacted and the work was done in the 1930s, prior to the development o f modem
earth pressure cells. Further Bowles speculates that the uncompacted fill and lack of
modem equipment may have contributed to the earth pressures measured at much higher
magnitudes than that predicted by elastic theory. It should be noted that solely Jalla links
the experimental work of Spangler and Mickle to the analysis o f stacked retaining walls.
Spangler and Mickle do not provide this link. The experimental work o f Spangler and
Mickle is limited to the lateral earth pressure due to backfill surface loads, not due to
stacked configurations o f retaining walls.
There have been others that have expanded upon the elastic theory developed by
Boussinesq. Two o f the eight methods o f analyses presented in Chapter 3 which are used
to analyze the 63 different configurations o f double-stacked cantilever retaining walls
described above are based on elastic theory equations developed by K. Terzhagi’, and R.
Jarquio^.

Figures 4.8 and 4.8 present these equations.

Note that the soil strength

parameters, c and (|), are not included in equations based on elastic theory. The only
parameters are the magnitude o f the load at the backfill surface, and geometry o f the load
relative to the retaining wall.
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Figure 4.7. The basic form o f the Boussinesq Equation based on
elastic theory (taken from Bowles^).

q (Ib /ff;
T,,, T

t t I. ±I

(V2

A'.
Figure 4.8. Elastic theory-based, experimentally modified equation by Terzaghi^ for
lateral earth pressure due to strip load at the backfill surface (taken from Spigolon^).
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Figure 4.9. Elastic theory-based equation by Jarqio’ for lateral earth
pressure due to strip load at the backfill surface (taken from Das’°).

4.1.2.2 Numerical Analysis / Finite Element
As mentioned above, the ideal research for lateral earth pressures at stacked
retaining walls is to design and construct several different configurations o f stacked
retaining walls and instrument them to obtain experimental data, and then used this data
to validate a particular method o f analysis or develop an altogether new method of
analysis.

However, the construction and instrumentation o f stacked retaining walls is

likely a very expensive endeavor, and solicitation for funding o f research requiring the
construction and instrumentation o f such walls may prove to be a difficult task.
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Numerical analysis using the finite element method is generally considered to be
the “next best thing” to physically obtaining experimental measurements o f boundary
value problems. It is a common practice among researchers and students in engineering
disciplines to compare the results o f finite element analysis to the results o f more
traditional analyses, or to the results o f experimentally obtained data.

Both practices

have validated the use o f the finite element method as an alternate to obtaining
experimental data. However, it should be noted that for application in this manner, where
finite element is used to model an actual condition, it is essential that appropriate site
investigation is carried out in order to select soil parameters which will properly model
actual conditions.

It should also be noted that no published works were encountered

during the literature review for this thesis which show the use o f the finite element
method to analyze stacked retaining walls.
The use o f finite element analysis-powered computerized models may help to
provide

a

less

expensive

alternative

to

research

involving

construction

and

instrumentation o f stacked retaining walls to obtain experimental data. Computerized
modeling may provide an opportunity to check many more different variables than would
construction and instrumentation, resulting in a more comprehensive study. However, at
some point the results o f the finite element idealizations must be validated against actual
field construction.
FLAG (finite difference) and PLAXIS (finite element) are two brands o f software
commonly used for geoteehnieal analysis and design. Both o f the methods o f analysis
used by these applications are sophisticated Newtonian-based methods that allow for
realistic modeling o f problem geometry with a variety o f material constitutive models.
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While these two brands are common, they are definitely not the only ones available.
There are several other finite element applications that specialize in geoteehnieal analysis
and design such as Sigma/W, SAFE, Z SOIL.PC, CRISP, PENTAGON, SVSOLID.
Most have the ability to model soil-structure interaction and can perform twodimensional or three-dimensional analyses.

Others, such as FLAC and PLAXIS, also

have the ability to perform a staged analysis which is useful for modeling the effects of
construction phasing; an often-overlooked aspect o f geoteehnieal analysis and design.

4.1.3 Analvsis Based on Limit Equilibrium and Elastic Theory
In addition to the “Equivalent Backfill Slope Method,” a second method of
analysis was also proposed by Brooks^. This method is reported to have been suggested
to Mr. Brooks by a geoteehnieal engineer, and has been termed “Brooks Surcharge
Method” by the author o f this thesis and not by Mr. Brooks. Mr. Brooks provides one
sentence and a figure to describe this method, however the details o f this method are not
exactly clear. The following description o f this method is an attempt to extrapolate the
intent of this method from the sentence and figure provided by Mr. Brooks, and may not
represent Mr. Brooks’ intent, or the intent o f the geoteehnieal engineer that suggested the
method to Mr. Brooks.
The weight o f the upper wall(s) and soil is calculated.

Mr. Brooks’ text then

states that the weight o f the upper wall(s) is “applied as an adjacent footing”^ to the lower
wall. It is not clear how Mr. Brooks intends for the weight o f the wall to be applied “as
an adjacent footing” as no example is provided in his guide, but it is assumed that Mr.
Brooks is implying that the weight o f the upper wall should be considered a uniform
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backfill surface strip load and the lateral earth pressure due to this strip load is calculated
with an equation developed from elastic theory such as that by Jarquio^ or Terzaghi* as
described in section 4.2.1.

Once the weight o f the wall is applied “as an adjacent

footing”, then it appears that the sliding force at the upper wall is calculated based on
traditional Rankine or Coulomb active earth pressure theory.

To account for the

“horizontal thrust” effects of the upper wall at the lower wall, the resultant o f this sliding
force at the upper wall is then applied to the lower wall and distributed over the distance,
Y, shown in Figure 4.10. Then, the active earth pressure at the lower wall is determined
according to Rankine or Coulomb theory. Once this analysis is complete, the lower wall
is designed for the lateral earth “pressures” due to the “adjacent footing”, and the
pressure do to the “horizontal thrust”, in addition to the traditional active earth pressure.
It is assumed that the active earth pressure at the next wall down from the uppermost wall
is calculated as if the wall were not in a stacked configuration. The process is repeated
for the next wall down, and on down to the lowermost wall in the stacked configuration.
Similar to the Uniform Surcharge Method and the Modified Uniform Surcharge Method,
the horizontal geometry, noted as C in Figure 3.1, of the stacked configuration is not
considered in the analysis.
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Weight, W, o f upper wall and soil

Resultant sliding force, P,
at upper wall

P /Y
Active earth pressure
Lateral pressure due to
weight, W, o f upper wall

Figure 4.10. Brooks Surcharge Method. Lower retaining wall is designed for
surcharge due to the weight, W, and sliding force, P, o f the upper retaining wall(s).

4.2 Methods o f Analvsis Seleeted for Thesis Study
Only eight of the methods presented in Section 4.1 were used to analyze the 64
different double-stacked configurations. These methods are listed below in Table 4.1.
More detailed step-by-step examples for each o f these methods are provided in Chapter 5.

Table 4.1. Mark to identify Methods o f Analysis in Tables and Figures o f results.
Method o f Analysis

Mark

Equivalent Backfill Slope (Rankine)

EBS-R

Equivalent Backfill Slope (Coulomb)
Uniform Surcharge
Culmann's Graphical

EBS-C
US
CG
ET-J
ET-T
FEA-P
BS

Elastic Theory (Jarquio)
Elastic Theory (Terzaghi)
Finite Element (Plaxis)
Brooks Surcharge
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CHAPTER 5

ANALYSIS OF STACKED CONFIGURATIONS
5.1 Example Analyses o f Methods Selected for Thesis Study
This section provides step-by-step examples o f how the eight methods selected
were used to analyze the 64 different configurations o f double-stacked reinforced
concrete cantilever retaining walls presented in Chapter 3 (Figures 3.1 and 3.2, Table
3.1). For simplicity, the step-by-step examples are shown for the stacked configuration
with the upper and lower wall heights o f 5 feet, and a horizontal offset o f 5 feet (see
Figure 3.1, A = 5 ft, B = 5 ft, and C = 5 ft). For the purposes o f this chapter, this
particular stacked configuration will be referred to as the 5-5-5 configuration. In all, 512
separate analyses were performed, but this chapter presents only sixteen o f these analyses
and their results; eight for the 5-5-5 configuration, and eight for the double-stacked
configuration that failed in 1992 (Figure 3.2). Results from the remaining 496 analyses
along with some interpretation are presented in Chapter 6.

5.1.1 Method 1 Equivalent Backfill Slope (Rankine)
As outlined in section 4.1.1.1, this method requires that the retaining wall
designer first draw a section to scale o f the stacked configuration. Once this section is
drawn, a line of equivalent slope is drawn which is thought to represent the geometry o f
the stacked configuration and the lower wall is designed based on this slope as if the
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upper wall(s) do not exist.

For the purposes o f this thesis, the line representing the

equivalent slope will be drawn so that the “positive” and “negative” areas are
approximately equal as shown in Figure 5.1. The line o f equivalent backfill slope at the
5-5-5 stacked configuration is 29.05 degrees from the horizontal.

a = 29.05 degrees

Line of “equivalent” slope

Approximately equal “positive” and
“negative areas created by the line
o f “equivalent” slope

Figure 5.1. Line o f equivalent slope at 5-5-5 stacked configuration

According to Rankine theory, the active pressure coefficient, Ka, for sloped
backfill is calculated based on the following equation (taken from Das'°):

A. = cos

COS U! — \ COS (I - COS^
COS

f \ C O S c o s ^ <6

Where a is the angle from the horizontal o f the backfill slope. As shown in Figure 5.1, a
is 29.05 degrees for the 5-5-5 stacked configuration, and Ka is 0.453.
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Thus, the

equivalent fluid aetive earth unit weight, ya, is equal to Ka times y (= 0.453 x 110 pcf), or
49.9 pcf. The sliding force, P, and the overturning moment. Mot, at the lower wall due to
ya is equal to:
P = ( y a H /) /2 = 1,221 lbs
Mot = (ya H /) / 6 = 2,850 ft-lbs

5.1.2 Method 2 Equivalent Backfill Slope (Coulomb)
The only difference between Method 1 and Method 2 is that the active earth
pressure coefficient, Ka, is determined according to Coulomb theory.

The primary

difference between Coulomb and Rankine theory is that Coulomb accounts for the
friction o f the soil at the backfill face o f the retaining wall, while Coulomb theory ignores
this. The active earth pressure coefficient is determined per the following equation (taken
from Das'**):
Ka = -------------------------------------- T

Where p is the angle o f the soil face o f the retaining wall to the horizontal, a is the angle
o f the backfill slope to the horizontal, ^ is the internal angle o f friction o f the backfill
material, and ô is the angle of friction o f the backfill soil to the soil face o f the retaining
wall taken as 2/3 (j), and. Thus, Ka is equal to 0.442, and the equivalent fluid active earth
unit weight, ya, is equal to K times y (= 0.442 x 110 pcf), or 48.6 pcf. The sliding force,
P, and the overturning moment. Mot, at the lower wall due to ya is equal to:
P = (ya H /) / 2 = 1,190 lbs
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Mot

= (Ya H /) / 6 = 2,850 ft-lbs

Since P is at an angle, 5 + 90 degrees, to the soil face o f the retaining wall, there is a
downward and a horizontal component o f this foree equal to:

Pdow n

P h o riz

=

=

P

P

sin (5) = 459 lbs
COS

(5) = 1,098 lbs

The downward force due to the friction o f the backfill material at the backfill face
o f the retaining wall, Pdown, is then added to the system moment resisting.
The calculations for Equivalent Backfill Slope method o f analysis for all 64
double-stacked configurations are presented in Appendix B.

5.1.3 Method 3 Uniform Surcharge
As outlined in section 4.1.1.2, the surcharge, qsur, due to an imaginary block of
soil equal to the height o f the upper wall,

H w -u p ,

is factored by

(Rankine) and applied

K a

to the lower wall as shown in Figure 5.2. The magnitude o f the horizontal component o f
the surcharge load, Pq, and the overturning moment associated with it is equal to:

K a qsur

Pq = K a

= y Hw-up = (0.283) 110 p cf (5 ft) = 155 p sf

qsur (H w-dow n + D f ) =

Mot-q = [Pq (Hw-down + D f)^] /

155 p sf (5ft

+

2ft)

=

1088 lbs

2 = [155 p sf (5ft + 2ft)^] 12

=

3,810 ft-lbs
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This lateral pressure due to the imaginary surcharge, is then added to the active
earth pressure at the lower wall. The active earth pressure at the lower wall is calculated
as if the lower wall were not in a stacked configuration. For this thesis, Rankine theory is
used to calculate the active earth pressure at the lower wall, but Coulomb could be used
just as well. As shown ahove, K is equal to TAN^ (45° - (j) / 2) for level backfill slope.
For (|) equal to 34°, K is 0.283 and the equivalent fluid active unit weight, ya, o f the
backfill material is equal to y times Ka, or 31 pcf. The sliding force and overturning
moments due to active earth pressure only at the lower wall is:

Pa = (ya H /) / 2 = [31 p cf (5 ft + 7 ftf] 12 = 162 lbs
Mot-a = (ya H /) / 6 = [31 pcf (5 ft + 7 ft)^] / 6 = 1,778 ft-lbs

This force and moment are then added to the sliding force and overturning
moments due to the surcharge load:

Ptotai = Pq + Pa = 762 Ibs + 1,088 lbs = 1,850 lbs
Mot-total = Mot-q + Mot-a = 3,810 ft-lbs + 1,778 ft-lbs = 5,587 ft-lbs

The calculations for Uniform Surcharge method o f analysis for all 64 double
stacked configurations are presented in Appendix B.
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V
Hw -up

Q sur K-a

Figure 5.2. Uniform surcharge loads at 5-5-5 staeked configuration.

5.1.4 Method 4 Culmann’s Graphical
The steps followed for analysis with Culmann’s Graphical Method are provided
below along with Figures 5.3 through 5.9 to describe this analysis as it is applies to the
5-5-5 configuration o f double-stacked retaining walls.

These steps are based on

procedures presented by Das” but are not presented in the same order.

See section

4.1.1.3 for more information regarding this method o f analysis.
Note that Das does not link Culmann’s graphical method to the analysis o f
stacked retaining walls. In fact, no literature was encountered during the review for this
thesis that links Culmann’s or any other graphical method to the analysis o f stacked
retaining walls.
Step 1. Draw the stacked configuration to scale.

The 5-5-5 double-stacked

configuration is shown to scale in Figure 5.3.

45

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Step 2. Draw a line that makes angle (j) with the horizontal as shown in Figure 5.3.
Step 3. Divide the backfill with a polar array o f several lines drawn about the
intersection o f the line o f the backfill face o f the lower retaining wall and the line
drawn in step 2 as shown in Figure 5.4.

For the analysis o f all 63 stacked

configurations, six additional lines at equal inurements were drawn.
Step 4. Determine the weight (per foot o f length) o f the soil / footing / wall bound by
the area created by each line and the backfill face o f the lower retaining wall. For
the 5-5-5 double-stacked eonfiguration, the weights are: 382 p lf (pounds per lineal
foot), 779 plf, 1506 plf, 2971 plf, 4767 plf, 6983 plf.
Step 5. Pick a convenient scale and plot each weight calculated in step 4 along the
step 2 line as shown in Figure 5.5. The plotted weights shown are for the 5-5-5
double-stacked configuration and are to a scale o f 1ft : 1,000 lbs.
Step 6. Determine the value o f the angle, y , in degrees: \\i = 90° - 0 - ô, and draw a
line that makes angle vj/ with the step 2 line as shown in Figure 5.6. The friction
angle, 5, is taken as 2/3 o f (j), and the angle, 0, is the inclination o f the backfill face
o f the retaining wall to the vertical; taken as 0° for all 63 configurations analyzed
in this thesis. The value o f \\i is 90° - 0° - 2/3(34°) = 67.33°.
Step 7. Starting at each step 5 point, draw a line parallel to the step 6 line and stop at
the step 3 line which corresponds to the boundary o f the area used to calculate the
weight per foot o f the soil / wall / footing as shown in Figure 5.6.
Step 8. Fit a smooth curve that touches the “stop” end o f each line drawn in step 7 as
shown in Figure 5.6.
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Step 9. Draw a line parallel to the step 2 line and tangent to the step 8 curve as shown
in Figure 5.7.
Step 10.

Starting at the intersection o f the step 8 curve and the step 9 line, draw a

line that is parallel to the step 6 line as shown in Figure 5.7. The length o f this
new line is the magnitude o f the active force per foot o f length at the scale
selected in step 5.
Step 11.

Draw a line that intersects the end o f the step 10 line and the end o f the

step 2 line as shown in Figure 5.8.
Coulomb “failure wedge.”

This line creates the bottom edge o f the

The failure wedge for the 5-5-5 double-stacked

configuration is shown.
Step 12.

Determine the centroid o f the failure wedge and draw a line parallel to the

step 11 line through the centroid o f the failure wedge as shown in Figure 5.9. The
interseetion o f this new line with the backfill face o f the lower retaining wall is
the approximate point o f application o f the active force (step 10) due to the failure
wedge. There is a more rigorous analytic procedure to determine the true point o f
application, but according to D as” , the approximate method described in this step
does not sacrifice much accuracy.

The calculations for Culmann’s Graphical method o f analysis for all 64 double
stacked configurations are presented in Appendix B.
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Figure 5.3. Steps 1 and 2 o f Culmann’s Graphical Method o f Analysis.

48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Figure 5.4. Steps 3 and 4 o f Culmann’s Graphical Method o f Analysis.
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Figure 5.5. Step 5 of Culmann’s Graphical Method o f Analysis.
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Figure 5.6. Steps 6 through 8 o f Culmarm’s Graphical Method o f Analysis.
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I

Figure 5.7. Steps 9 and 10 o f Culmann’s Graphical Method o f Analysis.

Figure 5.8. Step 11 o f Culmann’s Graphical Method o f Analysis.
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Centroid of
failure wedge

Resultant
active force
V-

Arm

Figure 5.9. Step 12 o f Culmann’s Graphical Method o f Analysis.
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5.1.5 Method 5 Elastic Theory (Jarquio)
As shown in Figure 4.9 o f Section 4.1.2.1, Jarquio^ provides a simplified version
of the Boussinesq equation for lateral stress due to a backfill surface strip load. This
equation results in a stress at a specific elevation. For example, the horizontal stress at
the lower wall of the 5-5-5 double-stacked configuration due to the bearing pressure at
the upper wall at an elevation o f four feet above the bottom o f the footing o f the lower
wall is calculated to be 181 pounds per square foot (psf). At an elevation o f two feet
above the bottom of the footing o f the lower wall the horizontal stress is calculated to be
310 psf.

It should be noted that this horizontal stress is due to the average bearing

pressure calculated at the footing o f the upper wall. For the 5-5-5 configuration, the
average bearing pressure at the footing upper wall is 748 psf.
As the results for horizontal stress at different elevations o f the lower wall are
calculated, a pressure distribution curve is developed. All double-stacked configurations
were analyzed for horizontal stress at the lower wall at height increments o f 0.75 inches
to develop this curve. The magnitude o f the area o f this horizontal pressure distribution
curve is the magnitude o f the resultant force, which acts through the centroid o f the
distribution. For the 5-5-5 configuration, the magnitude o f the resultant at the lower wall
is 1,207 pounds, and the location o f the resultant force is 2.15 feet above the bottom of
the footing. Thus, the sliding force and overturning moment at the lower wall associated
with the bearing stress from the upper wall is:

Pslide-clastic

“ 1,207 Ibs

Mot-elastic = 1,207 lbs (2.150 ft) = 2,594 ft-lbs
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The resultant sliding force and overturning moment due to the bearing stress of
the upper wall is then added to the sliding force and overturning moment associated with
active earth pressure at the lower wall. Similar to the other methods described above
which are based on Rankine and Coulomb theory, the active earth pressure is calculated
at the lower wall as if there were no upper wall.

The sliding force and overturning

moment due to this active earth pressure at the lower wall is;

Pa
Mot-a

=

=

(Y a

(Ya

H /) / 2 = [31.1 p cf (5 f t + 7 ftf ] / 2 = 762 lbs
H /) / 6 = [31.1 p cf (5 ft + 7 ft)^] / 6 = 1,778 ft-lbs

The total sliding force and overturning moment at the lower wall is then calculated as:

P s iid c - to ta i =

P s iid c - e ia s tic

+

P a

= 1,207 Ibs + 762 Ibs = 1,969 lbs

Mot-total = Mot-clastic + Mot-a = 2,594 ft-lbs + 1,778 ft-lbs = 4,372 ft-lbs

The calculations for earth pressures based on Jarquio Elastic Theory method o f
analysis for all 64 double-stacked configurations are presented in Appendix C.

5.1.6 Method 6 Elastic Theory (Terzaghi)
This method o f analysis is applied to the double-stacked configurations o f
retaining walls in the exact same manner as presented in Method 5. However, instead o f
using the equation developed by Jarquio^, a different equation experimentally developed
by Terzaghi* is used. The equation developed by Terzaghi, as presented in Figure 4.8,
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yields results for horizontal stress at a particular elevation just like the equation
developed by Jarquio. Thus the calculation methodology used for Method 5 is exactly
the same for Method 6.
For the 5-5-5 double-stacked configuration, the resulting sliding force and
overturning moment associated with the bearing stress at the footing o f the upper is;

P slidc-clastic
Mot-dastic

1,020 Ibs

= 1,020 lbs (2.234 ft) = 2,279 ft-lbs

The total sliding force and overturning moment at the lower wall o f the 5-5-5
double-stacked configuration is calculated as;

Psiidc-totai = Psiidc-dastic

+ Pa = 1,020 Ibs + 762 Ibs = 1,782 lbs

Mot-total = Mot-dastic + Mot-a = 2,279 ft-lbs + 1,778 ft-lbs = 4,056 ft-lbs

The calculations for earth pressures based on Terzaghi Elastic Theory method of
analysis for all 64 double-stacked configurations are presented in Appendix C.

5.1.7 Method 7 Numerical Analysis / Finite Element (PlaxisJ
The finite element software, Plaxis 8.2 Professional Version 2D, was selected to
analyze the 64 different double-stacked configurations defined in Figures 3.1 and 3.2, and
Table 3.1.

Plaxis is designed to specialize in geotechnical applications and features

automatic mesh generation and the ability to model stages o f construction to produce
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more realistic models. Plaxis is widely used in geotechnical engineering practice and
research, and results from various models have been validated with experimentally
obtained data. However, it should be noted that no published work was found during the
literature review for this thesis which indicates that results o f analysis at stacked retaining
walls with Plaxis has been validated with experimentally obtained data.
Elastic theory-based numerical analysis using the finite element computer
application, Plaxis, is much more complex than the other methods o f analysis presented
in this thesis. Finite element analysis requires that much more information be defined
regarding the material properties of the soil and the retaining walls. The specifics o f the
material properties used for the Plaxis finite element analysis is presented in Chapter 3.
Plaxis allows the user to model phases o f construction. The initial phase is an
existing pit with a scarp on either side at an angle o f about 26 degrees (2:1). The first
phase is the simulation o f the construction o f the footing and wall panels of the lower
wall. Elastic theory-based analyses are not time dependent, but Plaxis has the ability to
“model” time effects o f construction phases. Thus a time period o f 7 “days” is used for
the first phase since it is common to use early high strength concrete for footing and wall
panels. The next phases are set up to model backfill the lower wall in twelve-inch lifts.
Each lift is estimated to take 0.05 “days” (1.2 “hours”) to compete. Once the backfill lifts
reach the bottom o f the upper wall, then the construction o f the upper wall is simulated
and is set up for 7 “day” duration like that o f the lower wall. Then the backfilling o f the
upper wall is modeled, also in twelve-inch lifts, until the backfill lifts reach the top o f the
upper wall. Figure 5.10 shows the twelve-inch high lifts at the 5-5-5 configuration.
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Figure 5.10. Local geometry o f 5-5-5 Plaxis
model with twelve-inch tall backfill “lifts”

To show that the in-situ stresses prior to the start o f the modeling o f construction
phases are realistic, a point was selected near the bottom o f the model and the ratio o f the
vertical stress, Gv, to the horizontal stress, Oh, was calculated. This ratio, referred to as
Ko, was calculated to be around 0.44 for all models. This value for Ko is realistic.
The overall geometry plays a role in the results produced by Plaxis.

When a

Plaxis model is created, Plaxis prompts the user to input the overall dimensions o f the
model. For example, the geometry o f the 5-5-5 double-stacked configuration is measured
ten feet horizontally from toe o f lower wall to heel o f upper wall and twelve feet
vertically from bottom o f footing at the lower wall to top o f wall at the upper wall.
However, the minimum overall geometry o f the model created in Plaxis is 142 feet
horizontally by 60 feet vertically. Since each not every double-stacked configuration is
the same overall height, the overall dimensions o f the Plaxis model needed to be
considered. After several trial iterations, it was determined that the overall geometry o f
each Plaxis model should be proportioned the same based on the overall height o f the
configuration of the double-stacked retaining walls.

Figure 5.11 is provided to
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demonstrate the minimum proportions used in all the Plaxis models created for this
thesis.
2.5H min.

^ j, 2Df

5H min.
i/H

1 ft min.

,1 ft min.

5H min.

2H

Figure 5.11. Overall geometry proportions used in the Plaxis
models created for the 63 double-stacked configurations.

The effect o f the height o f the backfill lifts was explored.

The first model to

demonstrate this was set up so that the backfill and subgrade material were all one
continuous block of soil. Then a model was created where the backfill was separate from
the subgrade material, but the backfill was one block o f soil. Then a model was created
with the backfill divided into two lifts separated at the bottom o f the upper retaining wall.
Then a model was created that separated the backfill into four “lifts” . This process was
repeated until the lifts were about twelve inches high. The results o f the lateral pressure
distribution converge with the addition o f simulated lifts. Therefore, the use o f twelveinch lifts is believed to better model actual conditions.
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Plaxis allows the user to set the coarseness o f the mesh.

Unlike some finite

element applications, Plaxis has a feature that will automatically generate the mesh. It is
generally believed that actual conditions are better modeled with less course mesh. The
mesh generated by Plaxis was set to the highest density setting o f “very fine” for all 63
models o f the double-stacked configurations.
Plaxis also allows the user the view the deformations.
dependent upon Y oung’s Modulus, E, o f the soil.

Deformations are

According to Bowles^, Y oung’s

Modulus for sand is typically 150,000 p sf on the low end at silty sand, and 1,700,000 p sf
on the high end at dense sand. A value o f 1,000,000 p sf was selected for E that is on the
low end of values for dense sand. It should be noted that the highest value for total
extreme deformation (combined horizontal and vertical) output by Plaxis with this value
o f E applied to the double-stacked configurations, not including the 1992 failure double
stacked configuration, was 3.4 inches at the 15-15-7.5 configuration.

The total

deformation at the 5-5-5 configuration was only 0.4 inches.
The footing and wall panels o f the retaining walls were modeled in Plaxis as
plates with a soil-structure interface according to the recommendations provided in the
tutorials.

These plates are represented by just a line in the model with no thickness.

Plaxis allows the user to draw a section through the model and graphically view the
output o f the lateral pressure at the rear face of the lower retaining wall as shown in
Figures 5.12 and 5.13.

In order to obtain results that were comparable to the results

obtained with the other methods o f analysis, the plate lines were conservatively drawn at
the front face of the walls, and the bottom face o f the footings. The more structurally
correct method o f modeling the retaining walls is to draw the plates at the centerline of
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the wall and footing panel thickness. Several models were created with the plates at the
centerline o f the footing and panel thickness. The output o f these analyses was compared
to the output with the plates drawn at the wall front face and footing bottom face. The
resultant o f the horizontal pressure distributions with the plates at centerline were, o f
course, about ten to fifteen percent lower in magnitude than those with the plates drawn
at front and bottom faces o f the panels. However, for the purposes o f comparing the
results o f the Plaxis models to the other methods o f analysis, the models for the 64
double-stacked configurations were drawn with the plates at the front and bottom faces of
the wall and footing panels.

Section cut for output o f lateral
pressure behind the wall panel located
a distance from the plate equal to the
actual thickness o f the retaining wall.
■I

^

/ /

'Ji

Figure 5.12. Output window of 5-5-5 model in Plaxis. Since plates are drawn at the front
face o f the wall, and the bottom face o f the footing, cross section A-A* is cut a distance from
the plate line that is equal to the thickness o f the lower wall. See Figure 5.13 for output of
cross section A-A* lateral earth pressure distribution and resultant magnitude and location.
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Total norm al s tr e s s e s
: Extreme total normal stress -438.88 Ib/ft 2

I

Equivalent forcers -1.65*10 3 Ib/ft at position (70,02,50.19) ft

Figure 5.13. Horizontal pressure distribution, and resultant magnitude and
location (1,650 plf at 2.19 ft above the bottom o f footing) at section A-A*
o f the 5-5-5 configuration cut at the location shown in Figure 5.12.

The lateral pressure distribution output, similar to that shown in Figure 5.13, for
all 64 double-stacked configurations is provided in Appendix E.

5.1.8 Method 8 Brooks Surcharge
As outlined in section 4.1.3, Brooks^ presents a method o f analysis, which
combines traditional Rankine/Coulomb active earth pressure theory with elastic theory.
The objective of this method appears to be based on a separate theory that, in addition to
increased lateral earth pressure at the lower wall due to the vertical loads o f the upper
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wall, a “horizontal thrust” due to the sliding force at the upper wall(s) also acts on the
lower wall(s) in a stacked configuration as shown in Figure 4.10.
For the purposes o f this thesis, the additional horizontal stresses at the lower wall
o f the 5-5-5 double-stacked configuration due to the bearing pressure o f the upper wall is
calculated in accordance with Method 5 as shown in section 5.5 and shown below for
reference. Method 6, or any other method based on elastic theory could have just as well
been used as Brooks^ does not specify that a particular method be used.

P slide-elastic

1,207 Ibs

Mot-clastic = 1,207 lbs (2.150 ft) = 2,594 ft-lbs
Pa
Mot-a

=

=

(Y a

(Y a

Psiidc-totai

H /) / 2 = [31 p cf (5 ft + 7 ft)^] / 2 = 762 lbs

H /) / 6 = [31 p cf (5 ft + 7 ft)^] / 6 = 1,778 ft-lbs

= Psiidc-dastic + Pa = 1,207 Ibs -f 762 Ibs = 1,969 lbs

Mot-total = Mot-dastic + Mot-a = 2,594 ft-lbs + 1,778 ft-lbs = 4,372 ft-lbs

The sliding force at the upper wall is calculated based on traditional Rankine
active earth pressure theory. The coefficient o f active earth pressure, Ka, according to
Rankine theory is equal to TAN^ (45° - (j) / 2) for level backfill slope. For (j) equal to 34°,
Ka is 0.283 and the equivalent fluid active unit weight o f the backfill material is equal to
Ya times Ka, or 31.1 pcf. Thus, the sliding force at the upper wall o f the 5-5-5 double
stacked configuration is shown below. The terms Hw and D f at the upper wall are defined
in Figure 3.3 and Table 3.2 in section 3.3.
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Psiidc-upper =

[Ya

(Hw + Df)] / 2 = [31 p cf (5ft+2ft)] 12

=

762 lbs

This sliding force is then distributed as a uniform pressure at the lower wall over a
distance, Y, as shown in Figure 4.10. Since this horizontal pressure is considered to be a
uniform distribution, the resultant o f this sliding force due to the upper wall acts at a
distance equal to half o f Y above the bottom o f the footing o f the lower wall.

The

overturning moment at the lower wall associated with the “horizontal thrust”, Psiide-upper, at
due to the upper wall is calculated as shown below:

Mthrust = Psiide-upper (Y/2)

= 762 Ibs (5 ft / 2) = 1,905 ft-lbs

The sliding force and overturning moment at the lower wall due to the bearing
pressure and “horizontal thrust” effects o f the upper wall are then added to the sliding and
overturning force associated with active earth pressure at the lower wall. Similar to the
other methods described above which are based on Rankine and Coulomb theory, the
active earth pressure is calculated at the lower wall is calculated as if there were no upper
wall. The sliding force and overturning moment due to this active earth pressure at the
lower wall is:

Pa
M o,-a

=

(Y a

= (Y a

H /) / 2 = [31.1 p cf (5 f t + 7 ft)^] 12 = 162 lbs
H /) / 6 = [31 pcf (5 ft + 7 ft)^] / 6 = 1,778 ft-lbs
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The total sliding force and overturning moment at the lower wall o f the 5-5-5
double-stacked configuration is calculated as:

Pslide-total = Pslide-elastic + Psiide-upper + Pa
Mot-total ~ Mot-elastic + Mthrust

= 1,207 Ibs + 762 Ibs + 762 Ibs = 2,730 Ibs

+ Mot-a = 2,594 + 1,905 + 1,778 = 4,056 ft-lbs

The calculations for Brooks Surcharge method o f analysis for all 64 double
stacked configurations are presented in Appendix B.

5.2 Analysis o f a Post-Failure Case Studv
Olson^ authored a report o f a post-failure analysis o f a double-stacked
configuration of cantilever concrete retaining walls. The report provides fairly detailed
information regarding the geometry o f the individual walls and the overall stacked
configuration, and the material properties o f the soil. The report also presents the results
o f an analysis of the double-stacked configuration. Figure 3.2 shows the geometry o f the
stacked configuration.
This configuration has been analyzed using the eight methods o f analysis applied
to the 63 stacked configurations as described above in this chapter. The soil properties
assumed for this analysis are shown in Table 5.1.

Not all o f the soil properties are

available in Olson’s report.
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Table 5.1. Soil properties assumed for analysis o f case study retaining wall
Material Property

Description

Value

Yunsat

Unsaturated Unit Weight o f Soil

110 pcf

Ysat

Saturated Unit Weight o f Soil

130 pcf

kx

Permeability in the x direction

3 ft/day

k y

Permeability in the y direction

3 ft/day

E

Young's Modulus

100,000 p sf

c

Poisson's Ratio
Soil Cohesion

0.27
0.05 psf

(l)

Angle o f Internal Friction

25°

V
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CHAPTER 6

RESULTS
6.1 Results o f Thesis Study
Results from the analyses described above are presented in this section. The eight
different methods presented in Section 4.2 were used analyze the 63 configurations o f
double-stacked walls presented in Chapter 3 for the thesis study which does not include
the configuration o f the double-stacked retaining walls that failed in 1992.

For the

purposes o f presenting this results o f these 504 analyses, refer to Table 4.1 for a legends
of marks used to identify methods o f analysis in the tables and figures that follow.
The double-stacked configurations will be identified in the same manner that the
5-5-5 configuration was identified in section 5.1: (retained height o f the lower wall)(retained height o f the upper wall)-(horizontal offset). For example, the mark 10-5-17.5
refers to the double-stacked configuration where the retained height o f the lower wall
(identified as A in Figure 3.2) is ten feet, the retained height o f the upper wall (identified
as B in Figure 3.2) is five feet, and the horizontal offset (identified as C in Figure 3.2) is
17.5 feet.
It is generally assumed by retaining wall designers that the closer the upper wall
of a double-stacked configuration is located to the lower wall, the higher the magnitude
of the sliding force and overturning moment at the lower wall, and the lower the factors
of safety against sliding and overturning. The results o f analysis o f the 63 double-stacked
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configurations seem to follow this assumption for all eight methods o f analysis with the
exception o f the Uniform Surcharge (US) method. Figures 6.1 and 6.2 show that the
sliding force and overturning moment generally increase as the horizontal spacing
between the stacked walls decreases at the 5-5-5 double-stacked configuration. Figures
6.3 and 6.4 show that the factors o f safety against sliding overturning generally decrease
as the horizontal spacing between the stacked walls decreases at the 5-5-5 double-stacked
configuration. Charts have been developed similar to the ehart presented in Figure 6.1
for all 63 double-stacked configurations o f the thesis study and are located in Appendix G
o f this thesis. Refer to Table 4.1 for a legend o f the marks used to note the methods of
analysis (EBS-R, EBS-C, US, etc.).

Sliding Force for Double-Stacked Configuration; A = 5 ft and B = 5 ft
/
/
2 .5

/

E B S -R
E B S -C

X —

C O

*

F E A -P

Figure 6.1. Sliding force with respect to horizontal offset, C, at double-stacked configuration
where height o f upper and lower walls, B and A, is 5 feet.
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O verturning M om ent for D ouble-Stacked Configuration: A = 5 ft an d B = 5 ft
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Figure 6.2. Overturning moment with respeet to horizontal offset, C, at double-stacked
configuration where height o f upper and lower walls, B and A, is 5 feet.

Factor of Safety Against Sliding for Double-Stacked Configuration: A = 5 ft and B = 5 ft
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Figure 6.3. Factor of safety against sliding with respect to horizontal offset, C, at double
stacked configuration where height o f upper and lower walls, B and A, is 5 feet.
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Factor o f Safety Against Overturning for Double-Stacked Configuration: A = 5 ft and B = 5 ft
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Figure 6.4. Factor of safety against overturning with respect to horizontal offset, C, at
double-stacked configuration where height o f upper and lower walls, B and A, is 5 feet.

As can be seen in Figures 6.1 and 6.2, the results o f analysis with one method
may require that the lower wall o f the double-staeked configuration be designed for much
more sliding or overturning foree that a different method may require.

Consider the

double-stacked configuration 5-15-20. The sliding forces calculated with each method of
analysis are presented in Table 6.1. The results presented in this table show that if the
Uniform Surcharge (US) method o f analysis is selected, the lower wall o f the 5-15-20
configuration would be required to be designed for 13.6 times more sliding force than if
Culmann’s Graphical (CG) method is selected, and 14.9 times as much overturning
moment. This is an extreme case, but the average ratio o f the maximum to minimum
sliding foree / overturning moment calculated in the same manner as shown for the 5-1520 configuration is 3.3 for sliding force and 6.5 for overturning moment. Refer to Table
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4.1 for a legend o f the marks used to identify the methods o f analysis (EBS-R, EBS-C,
US, etc.). Tables for all the results for sliding force, overturning moment, factor o f safety
against sliding, and factor o f safety against overturning for all the double-stacked
configurations is presented in Appendix F.

Table 6.1. Sliding foree and overturning moment at 5-15-20 configuration
Method o f Analysis

Sliding Foree

Overturning Moment

EBS-R
EBS-C
US
CG

0.93 k
0.86 k
8.69k
0.64 k

2.16 ft-k
2.00 ft-k
69.18 ft-k

ET-J

1.32 k

1.49 ft-k

ET-T
FEA-P
BS

1.24 k
0.74 k

2.72 ft-k
2.62 fl-k
1.67 ft-k

2.08 k

4.63 ft-k

At first glance, it may appear that the Uniform Surcharge (US) method is the most
conservative, followed closely by Brooks Surcharge (BS) for sliding force, and
Culmann’s Graphical (CG) for overturning moment. Flowever, this is not the case for all
63 double-staeked configurations. Tables 6.2 through 6.5 present the number o f times
that a particular method of analysis yields the maximum or minimum value for a given
stacked configuration. The tables also present the number o f times that the result from a
particular method is somewhere in between the maximum and minimum values marked
at the

mean and median values for each double-stacked configuration (the mean is

generally higher than the median).
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Table 6.2. Sliding foree count. The number o f times that a particular method o f analysis
elds the maximum, minimum, e c., sliding force value for a given stacked configura ion
EBS-R EBS-C US CG ET-J ET-T FEA-P BS
Equal to the Max.
Between Max. and the Mean
Between Mean and the Median
Between Median and the Min.
Equal to the Min.

-

-

24

-

-

2

-

24

-

40

5

12

-

23

29
29
-

6
38
7

2
43
-

-

28
19

6
7
2

28
35

-

-

-

-

39
23
1
-

-

Table 6.3. Overturning moment eount. The number o f times that a particular method of
analysis yields the maximum, minimum, etc., overturning moment value for a given
stacked configuration
EBS-R EBS-C US CG ET-J ET-T FEA-P BS
Equal to the Max.
Between Max. and the Mean
Between Mean and the Median
Between Median and the Min.
Equal to the Min.

-

-

-

-

16
31
-

-

43
4

33

30

14
4

19
14

-

1

8

-

7
24

4

-

31

-

-

-

28
31

-

14

7

18

4

32

31

-

24

-

Table 6.4. Factor o f safety against sliding eount. The number o f times that a particular
method o f analysis yields the maximum, minimum, etc., factor o f safety against sliding
EBS-R EBS-C US CG ET-J ET-T FEA-P BS
Equal to the Max.
Between Max. and the Mean
Between Mean and the Median

43

19
28

-

-

Between Median and the Min.

4

-

Equal to the Min.

-

-

-

-

8
1

43
20

-

-

-

-

30

-

63

20
9
34

24

-

-

-

-

72

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

1
40
4
18
-

-

-

-

24
39

Table 6.5. Factor o f safety against overturning. The number o f times that a particular
method of analysis yields the maximum, minimum, etc., factor o f safety against
EBS-R EBS-C US CG ET-J ET-T FEA-P BS
Equal to the Max.
Between Max. and the Mean
Between Mean and the Median

-

4

4

31
-

43
-

8
-

-

32
21

-

2

3
1

Between Median and the Min.

16

-

33

8

-

-

18
33

30

-

Equal to the Min.

-

-

23
33

-

-

31
-

59

7

32

-

-

-

Tables 6.2 and 6.3 show that no one particular method o f analysis is always the
most conservative compared to the other methods o f analysis, nor the least conservative.
As expected. Tables 6.4 and 6.5 generally follow show the reverse o f Tables 6.2 and 6.3.
Generally, it appears that the Uniform Surcharge (US) and the Brooks Surcharge (BS)
methods yield values on the high end for sliding force, and Uniform Surcharge (US) and
the Culmann’s Graphical (CG) methods yield values on the high end for overturning
moment. However, note also that the Uniform Surcharge (US) method also yields values
that are the minimum for sliding force and overturning moment when compared to the
other methods. None o f the methods yield the highest values for sliding and overturning
for 100% o f the double-staeked configurations.
The charts shown in Figures 6.5 through 6.8 show all the results for all 63 double
stacked configurations. The charts follow the same format as Figures 6.1 through 6.4, but
instead o f just plotting the results o f the 5-5-5 configuration only, results are plotted for
all 63 double-stacked configurations. Starting at the left end o f the X axis, the first plot is
for 5-5-20, the second for 5-5-17.5, the third for 5-5-15, and so on to 5-5-5. The next plot
to the right o f 5-5-5 is the plot for 5-10-20, then 5-10-17.5, then 5-10-15, and so on to the
plot for 5-10-5.

This pattern continues on to the right-most plot, which is 15-15-5.
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Sliding Force at All Double-Stacked Configurations o f Retaining Walls

o
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A

A
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A

Stacked Configurations in Groups of 7 Starting from A Mark at Left End: 5-5-20 to 5-5-5, 5-1020 to 5-10-5, 5-15-20 to 5-15-5, 10-5-20 to 10-5-5, 10-10-20 to 10-10-5, 10-15-20 to 10-15-5,
15-5-20 to 15-5-5, 15-10-20 to 15-10-5, 15-15-20 to 15-15-5.

Figure 6.5. Sliding force with respeet to horizontal offset, C, at each double-stacked
configuration starting at 5-5-20 on the left, and ending at 15-15-5 on the right.
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Overturning Moment at All Double-Stacked Configurations of Retaining Walls
^ —EBS-R — B

EBS-C - A— US

*

CG
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ET-J

♦

FEA-P

e

BS

/
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Stacked Configurations in Groups of 7 Starting from A Mark at Left End: 5-5-20 to 5-5-5, 5-1020 to 5-10-5, 5-15-20 to 5-15-5, 10-5-20 to 10-5-5, 10-10-20 to 10-10-5, 10-15-20 to 10-15-5,
15-5-20 to 15-5-5, 15-10-20 to 15-10-5, 15-15-20 to 15-15-5,

Figure 6.6. Overturning moment with respect to horizontal offset, C, at each double-stacked
configuration starting at 5-5-20 on the left, and ending at 15-15-5 on the right.
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F a c to r o f S afety A gainst Sliding at All D ouble-S tacked C o n fig u ratio n s o f R e ta in in g W alls
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Stacked Configurations in Groups o f 7 Starting from A Mark at Left End: 5-5-20 to 5-5-5, 5-1020 to 5-10-5, 5-15-20 to 5-15-5, 10-5-20 to 10-5-5, 10-10-20 to 10-10-5, 10-15-20 to 10-15-5,
15-5-20 to 15-5-5, 15-10-20 to 15-10-5, 15-15-20 to 15-15-5.

Figure 6.7. Factor o f safety against sliding with respect to horizontal offset, C, at each
double-stacked configuration starting at 5-5-20 on the left, and ending at 15-15-5 on
the right.
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Figure 6.8. Factor of safety against overturning with respect to horizontal offset, C, at
each double-stacked configuration starting at 5-5-20 on the left, and ending at 15-15-5
on the right.
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A

Figures 6.5 and 6.6 show that the results for sliding force and overturning moment
tend to spread out as the heights o f the upper and lower walls (B and A) increase and the
horizontal offset (C) between the walls decreases. These figures also give a sense o f the
magnitude of the difference in results between the more conservative Uniform Surcharge
(US) method and the other seven methods o f analysis when the height o f the upper wall is
greater than the height o f the lower wall.
Figures 6.7 and 6.8 show that the factors o f safety against sliding and overturning
tend to converge as the heights o f the upper and lower walls (B and A) increase and the
horizontal offset (C) between the walls decreases. Perhaps the sliding and overturning
forces get smaller when compared to the forces resisting sliding and overturning
decreases as the height o f the lower and upper walls increase and the horizontal offset
decreases.

6.2 Results o f Post-Failure Case Studv
The eight methods of analysis applied to the 63 double-stacked configurations of
retaining walls identified for the thesis study were also applied to the double-stacked
configuration of retaining walls that failed in 1992.

The resulting sliding force and

overturning moments, and factors of safety against sliding and overturning are shown
below in Table 6.6.
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Table 6.6. Results of analysis o f double-stacked failure case study.
Overturning
Method o f
Sliding Force
F.S slide
F.S. overturn
Analysis
Moment
EBS-R *
EBS-C *
12.59 k
1.49
US
73.93 A-k
0J2
10.65 k
94.52 ft-k
0.46
1.17
CG
-

-

-

-

-

-

-

-

ET-J

10.31 k

66.97 ft-k k

0.40

ET-T
FEA-P
BS

9.04 k

70.21 ft61.70 ft-k

0.45

3JT
1.57

9.09 k **
13.35 k

38.72 A-k

0.45
0.31

1.79
28 5

Olson^
15.00 k
75.00 ft-k
&08
1.13
* Angle of equivalent slope to the horizontal is greater than the soil’s internal friction
angle, (j), Rankine and Coulomb equations for active coefficient do not yield a real
number
** Extremely unrealistic deformations are associated with this load

As shown in Figure 6.9 and the results o f Olson’s analysis presented in his post
failure report^ and summarized in Table 6.6, the mode o f failure for the double-staeked
retaining wall appears to be sliding. As shown in Table 6.4, the results o f the analysis
using the eight methods o f analysis are approximately on the same order as the results of
Olson’s analysis.

The sliding forces are lower, but the factors o f safety are closely

related and predict the mode of failure to be sliding. Similar to the results o f the analysis
o f the 63 stacked configurations, the BS and US methods yield the most conservative
results when compared to the results from the other methods.
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Figure 6.9. Double-stacked retaining wall that failed in 1992 as reported by Olson^.
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS
7.1 Conclusions
This chapter presents conclusions based on the review o f the results o f each o f the
512 analyses. The conclusions are grouped together to provide overall conclusions, and
then conclusions regarding each specific method o f analysis.
7.1.1 Overall
Generally, the eight methods o f analysis used to analyze the 64 different
configurations of double-stacked retaining walls predict that as the horizontal spacing, C,
between the walls decreases, the sliding force and overturning moments at the lower wall
increase.

This relationship does not appear to be linear and but rather the resulting

sliding forces and overturning moments appear to increase exponentially as the horizontal
offset, C, decreases. Retaining wall designers generally agree that these forces increase
as C decreases.
The one exception to this general relationship between sliding force / overturning
moment and horizontal offset appears to be when the Uniform Surcharge (US) method is
used to analyze the double-stacked configurations.

The sliding force and overturning

moment results from analysis with the Uniform Surcharge method are solely dependent
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on the height of the upper wall, B, and independent o f the horizontal offset, C, and so the
sliding force and overturning moment do not change with respect to C.
It appears that as the height o f the upper and lower walls in a double-stacked
configuration increase, and the horizontal offset decreases, the “spread” between the
minimum and maximum values for sliding force and overturning moment appears to
increase.

This suggests that as the height o f the upper and lower walls in a double

stacked configuration increase, and the horizontal offset decreases, the risk o f selecting a
method which may yield sliding forces and overturning moments that are overly
conservative or underly conservative increases. However, the reverse is true for factor of
safety: as the height o f the upper and lower walls in a double-stacked configuration
increase, and the horizontal offset decreases, it appears that the “spread” between the
minimum and maximum values for factors of safety against sliding and overturning
decreases. There appears to be a “jum p” in the factors o f safety at values o f horizontal
offset, C, that correspond to the location o f the footing o f the upper wall over the footing
o f the lower wall.
Since the effects of the upper wall were considered to resist overturning and
sliding at the lower wall as shown in Figure 3.4, perhaps the largest risk o f selecting a
method that is overly conservative or underly conservative exists when the footing o f the
upper wall is close to, but not directly above the footing o f the lower wall.
It should be noted that the difference between output for sliding force and
overturning moment from each method is potentially very large. In other words, if a
retaining wall engineer selects a certain method to analyze a stacked configuration, the
engineer may be required to design the lower wall o f the stacked configuration for 5 ten
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or 15 times more force than a different method might require. As such, the retaining wall
engineer must take great care in selecting a method o f analysis. Further, this underscores
the need for research to validate a particular method o f analysis or develop an entirely
new method.
No one particular method appears to always yield the most conservative results
for sliding force and overturning moment. The least conservative scenario appears to be
if the Equivalent Backfill Slope method (Coulomb) is used to analyze a stacked
configuration for sliding force, while the Elastic Theory (Terzaghi) method is used to
analyze for overturning moment.

This combination appears to yield the least

conservative results.
The methods that appear to yield sliding force results that are on the “high side”
are Elastic Theory (Jarquio), Uniform Surcharge, and Brooks Surcharge. The methods,
which appear to yield overturning moment results that are on the high side, are Elastic
Theory (Terzaghi), Culmann’s Graphical, and Uniform Surcharge methods. The scenario
which appears to be the best bet to yield the most conservative results is if the Brooks
Surcharge method is used to analyze for sliding force, and Culmann’s Graphical method
is selected to analyze for overturning moment.

7.1.2 Method Specific
The following conclusions are regarding each individual method o f analysis. The
equivalent backfill slope-based methods o f analysis using Rankine and Coulomb theory
are grouped together, as well as the elastic theory-based analyses for Jarquio and
Terzaghi.
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7.1.2.1 Equivalent Backfill Slope
The Equivalent Backfill methods o f analysis attempt to take into account the
horizontal spacing and geometry o f the upper wall. However the use o f these methods is
limited by the angle o f the imaginary line o f equivalent slope to the horizontal. When the
angle of the equivalent slope is equal to or greater than the angle o f internal friction o f the
backfill material, the equations based on Rankine and Coulomb theory do not yield a real
number.
The Equivalent Backfill Slope (EBS-R and EBS-C) methods o f analysis yield
results for sliding force and overturning moment that appear to follow the other methods
o f analysis (with the exception o f the Uniform Surcharge method) except when the
horizontal offset, C, is small. In fact, it appears that the sliding force and overturning
moments will “spike” up as C decreases.

When the magnitude o f C is such that the

“spike” in sliding force and overturning moment has not yet occurred, it appears that the
values o f sliding force and overturning moment are in line with the results o f the finite
element analysis with Plaxis; just below the median o f all the methods. This suggests
that the Equivalent Backfill Slope method may be a valid way to estimate the effects o f
the upper wall at the lower wall o f a double-stacked configuration where the horizontal
offset is in the range o f values greater than the location where the “spike” in sliding force
and overturning moment occurs.
Generally, the EBS-R method o f analysis appears to yield slightly higher values
for sliding force and overturning moment than does the EBS-C method, while the EBS-C
method appears to result in higher factors o f safety against sliding and overturning that
does the EBS-R method o f analysis.
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7.1.2.2 Uniform Surcharge
The Uniform Surcharge method does not give any consideration to the horizontal
offset between the walls, thus yielding the same results for a 5-5-5 double-stacked
configuration as for a 5-5-20 configuration.

The Uniform Surcharge (US) method o f

analysis is generally thought to be a conservative approach to analyzing stacked retaining
walls when compared to the other methods o f analysis. This is true for cases where the
height of the upper wall is greater than the height o f the lower wall, especially when the
height o f the upper wall is twice as much or greater than the height o f the lower wall. It
also appears that the sliding forces and overturning moments resulting from the US
method are sometimes the lowest values when compared to the other methods o f analysis.
This appears to occur when the height o f the upper wall is less than the height o f the
lower wall, and especially when the height o f the lower wall is 15 feet.
Because of the tendency for the US method o f analysis to result in both relatively
high and relatively low values o f sliding force and overturning moment, the US method
should be used with caution.

7.1.2.3 Culmann’s Graphical
Culmann’s Graphical (CG) method o f analysis appears to closely parallel the
results from the finite element analysis with Plaxis (FEA-P). As shown in the charts
presented in Figures 6.2 through 6.4, the curve o f the CG method and the curve o f the
FEA-P method appear to have the same slope, and change in slope at approximately the
same values of the horizontal offset, C. Method CG tends to yield sliding force values
lower than does FEA-P, and overturning values greater than does FEA-P. As the height
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o f the upper wall increases relative to the height o f the lower wall, these two methods,
CG and FEA-P, appear to yield increasingly closer values for sliding force and
overturning moment, especially for the case when the height o f the upper wall is three
times the height o f the lower wall.
The overturning moment resulting from analysis with CG appears to increase as
the height o f the upper wall increases. Since the location o f the resultant sliding force
with respect to the bottom of the footing is dependent upon the location o f the centroid o f
the “failure wedge” as shown in Figure 5.9, the tendency for the overturning moment
resulting from analysis with CG to increase with the increase in height o f the upper wall
relative to the lower wall is probably due to a shift outward o f the centroid o f the “failure
wedge.”
The CG method o f analysis is slightly more complicated than the other methods
o f analysis that are based on limit equilibrium and appears to do the best job o f taking
into account the geometry of the stacked configuration and also takes into account (|) o f
the backfill soil. The EBS and US limit equilibrium-based methods o f analysis attempt to
approximate the geometry of the stacked configuration, but have many limitations. The
CG method o f analysis can be used for any stacked configuration and appears to yield
values that are conservative when compared to values resulting from the FEA-P method
o f analysis, but not overly conservative when compared to the results o f the other
methods o f analysis.
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7.1.2.4 Elastic Theory
The methods o f analysis based on the elastic theory equations for backfill surface
strip load by Jarquio (ET-J) and Terzaghi (ET-T) yields results that are independent of
the parameters

c, and y) o f the backfill material, but do take into account the geometry

o f the stacked configuration.
These methods generally yield results that parallel those o f the Plaxis finite
element (FEA-P) analysis. The ET-J method appears to yield higher sliding forces than
does the ET-T method, while the opposite is generally true for the overturning moment.
The ET-J and ET-T methods tend to yield values higher that FEA-P for configurations
where the height o f the upper wall is greater than the height o f the lower wall. When the
lower wall is 15 feet, the sliding force output for both ET-J and ET-T appear to “spike” as
C decreases.

7.1.2.5 Plaxis
The sliding and overturning output from Plaxis (FEA-P) are generally below the
median values for all the other methods. The values o f sliding force are generally closer
to the median values, while the values for overturning moment are generally below the
median.

7.1.2.6 Brooks
The results method o f analysis proposed by Brooks^ (BS) appears to follow the
results of the other methods which show an exponential increase in sliding force and
overturning moment as the horizontal spacing between the walls decreases. O f course.
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since the BS method is partially based on the ET-J method o f analysis, the results o f the
BS method closely parallel the results o f the ET-J method, and are always greater than
the values yielded by ET-J. If the results o f the US method are neglected, the sliding
force results o f the BS method are always the maximum value. However, the results for
overturning moment are generally below the median as the height o f the upper wall
increases relative to the height o f the lower wall and as the horizontal offset decreases.

7.2 Recommendations
It appears that more research is needed on the topic o f analysis o f stacked
retaining walls. The most critical need is to obtain and analyze experimentally obtained
data to validate a particular method o f analysis or create an altogether new method o f
analysis. A study sponsored by the Minnesota Department o f Transportation'^ publishes
very detailed results o f instrumentation o f a cantilever concrete retaining wall.

The

instrumentation included strain gauges on the reinforcing steel, tilt-meters on the footing
and wall panels, and earth pressure cells beneath the footing, at the shear key, at the toe
o f the wall, and at the backfill face o f the wall panel.
surprising.

The results o f this study are

For example, it is generally thought that the bearing vertical stress

distribution at the soil beneath the footing is a highest at the toe o f the footing panel, and
lower at the rear.
opposite condition.

The earth pressure cells located beneath the footing measured the
Also, it is common practice within the retaining wall design

community to use a shear key for sliding resistance, however the earth pressure cells at
the shear key did not show that any passive pressure developed at the shear key
suggesting that perhaps the shear key may not function as generally thought by the
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retaining wall design community.

Perhaps this study could be used as a model for

instrumentation of a stacked configuration o f retaining walls.
The charts presented in Appendix G could be used by a retaining wall designer as
a decision aid for the selection o f a method o f analysis to use for a particular
configuration. Perhaps a design handbook could be published which shows charts for a
larger variety o f stacked configurations and soil material properties, providing the
retaining wall designer with a more comprehensive aid for selection o f a method o f
analysis.

Further, once experimental data is obtained, it could be plotted on a chart

similar to the Appendix G charts developed for this thesis and a method o f analysis could
be selected based on the curve o f this experimental data in the chart.
This thesis explores a variety o f configurations for a double-stacked condition
only. Perhaps similar studies should be done to explore more configurations o f stacked
retaining walls. Stacked configurations are often constructed with three, four, or even
five tiers o f retaining walls. Some configurations have sloped backfill between the walls
and at the toe o f the lowest wall or and backfill o f the highest wall. The study presented
in this thesis is also limited to cantilever retaining walls.

However, gravity retaining

walls and mechanically stabilized earth retaining walls are also constructed in stacked
configurations and might also be future areas o f study.
The system sliding and system overturning analyses presented in this thesis are
generally analyzed at the back face o f the retaining wall. Some retaining wall designers
argue that there are two “planes o f analysis” for cantilever retaining walls: one for the
analysis for external or system stability and one for internal or flexural stability. The
“plane o f analysis” for system stability (sliding, overturning bearing) is taken at a vertical
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plane extending up from the heel edge o f the footing, while the “plane o f analysis” for the
internal stability is taken at a vertical plane extending from the backfill face o f the
retaining wall.

Perhaps this topic could be researched to see if it is makes sense to

standardize this practice and/or validate the practice with experimental data.
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